Abstract Theories on multiple scattering of charged particles are reviewed and reorganized to construct an accurate, simple, and efficient Gaussian-beam transport model for radiotherapy with protons and heavier ions. The Highland formula for scattering angle is modified to a scattering power formula to be used within the Fermi-Eyges theory for particle transport in the presence of heterogeneity. Semi-analytic formulas for arbitrary ions in a homogeneous target are also derived. The resultant scattering angles and displacements for proton, helium, and carbon ions excellently agreed with other experimental and theoretical studies to 1-2% level. The present formulation will provide a general solution in a specific field of radiotherapy with heavy charged particles.
to good localization nature, and computationally easy and fast with the standard math library.
Scattering of charged particles by atomic electric fields in matter, which would deteriorate the targeting precision, was theoretically and experimentally studied [2, 3, 4, 5, 6, 7, 8, 9, 10] and the exact and approximate formulations have been widely applied to beam calculations for radiotherapy [11, 12, 13, 14, 15, 16, 17, 18, 19, 20] . Though they are mostly categorized into analytical and deterministic calculation of a beam or a group of large number of particles, the implemented physical and computational models vary in several ways. General theory of electromagnetic interactions may be specialized for convenience, while empirical models may be generalized for wider applicability, to construct an optimum framework for dose calculations in radiotherapy.
A reasonable tolerance to spatial errors in high-precision radiotherapy may be one millimeter in absolute position or one percent in object size that would be about the limits in beam control with respect to an nonrigid target. Since the size of scatter is typically a few to several millimeters, the accuracy better than ten percent would always fulfill the one-millimeter tolerance. On the other hand, since the beam range is typically a few tens of centimeters, the applicable tolerance may be one percent.
The present work is motivated to optimize the physical and computational models against such tolerances. We first review the theories of multiple scattering to identify the most appropriate approach, delineate room for improvement, address a reasonable solution, and discuss the results of the modified and extended formulation.
Rutherford scattering
Elastic scattering of a charged particle by a static point-like nucleus, Rutherford scattering, is one of the elementary pro-cesses of charged-particle interactions. The differential cross section is formulated [2] as
where αhc ≈ 1.44 MeV · fm is a physical constant, z, p, and v are the charge in units of proton charge e, the size of momentum, and the speed of the projectile particle, and Z is charge in e of the target nucleus. This single scattering is enhanced in the forward direction with dependence ∼ 1/θ 4 .
Fermi's multiple-scattering theory
In matter, a particle receives multiple scattering of a large number of single-scattering processes by nuclei with electric field screened by orbital electrons. Fermi and Rossi [3] developed a theory of multiple scattering statistically in the form of dθ 2 dx = 1 2 E s z pv 2 
1
X 0 or θ 2 = 1 2
where θ 2 is the variance of projected scattering angle θ , x is the position in the forward direction, E s = m e c 2 4π/α ≈ 21.2 MeV is a constant energy, and X 0 is the material-specific radiation length [21] in which a high energy electron would lose its kinetic energy by bremsstrahlung down to 1/e in average. Since bremsstrahlung is caused by an electron scattered by a nucleus, number of single-scattering processes should be also proportional to radiative path length dx ′ /X 0 . The relation θ 2 ∝ dx ′ /X 0 is thus compliant to the centrallimit theorem for a large number of small fluctuations in statistics. The kinematic factor z 2 /(pv) 2 is also common to the Rutherford scattering cross section formula (1). The Fermi-Rossi formula is computationally very convenient with material properties encapsulated in the X 0 and decoupled to the particle kinematics. However, it totally ignores the single-scattering contributions at large angles that may linearly increase with the radiative path length. Consequently, Gaussian beam models with this θ 2 may not be accurate.
Molière theory
Molière developed a theory to rigorously address the situation of multiple scattering with single scattering contributions and formulated an analytical expression of the angular distribution for a particle interacting with individual atomic components of the target [5] . As shown in Fig. 1 , the Molière distribution has the Gaussian behavior at small angles and the 1/θ 4 -behavior at large angles.
However, such long tails are undesirable for dose convolution algorithms because computational amount increases with the scattered volume [19] and the beam spread broader than the medium heterogeneity invalidates the use of pencilbeam models [20] . In fact, an approximate Gaussian formulation by Hanson et al. [6] is used more often than the original Molièle distribution [13, 16] . Even so, the complexity of the Molière theory would discourage its direct use for demanding applications such as treatment planning.
Highland formula
Highland introduced a logarithmic correction 
where x is stated as the thickness of the target, lg = log 10 is the common logarithmic function, and σ θ = √ (θ 2 ) is the rms projected scattering angle. The Highland formula has been experimentally verified to be accurate [9, 10] and has been commonly applied to practical dose distribution calculations for proton radiotherapy [11, 12, 17, 18 ].
Ionization energy loss
In clinical environment, the beam energy is not directly measured but estimated from the beam range measured in water. For semi-relativistic particles for radiotherapy, the Bethe formula for stopping power
is sufficiently accurate [21] , where N A , c, and m e are the Avogadro's number, the speed of light, and the electron mass, and n e and I are the electron density and the mean excitation energy of the medium material. The kinetic energy E is related to mass m, speed v, and size of momentum p of the particle as
and to the scattering. The stopping-power ratio ρ S = S S w of body tissue, the stopping power of the material, S, with respect to that of water, S w , is normally estimated from x-ray attenuation in computed tomography [24] . For physical devices in beamdelivery systems, the stopping-power ratio may be approximated to 
representing the semi-relativistic speeds in those upstream devices by v 2 /c 2 = 0.5, which is also valid for downstream devices made of materials with the mean excitation energy close to that of water (I = 75 eV) regardless of the speed. Fig. 3 Effect of subdivisions on the quadratically added Highland rms angle √ n σ θ (X 0 /n) for stacked n layers of thickness X 0 /n per layer with respect to the rms angle σ θ (X 0 ) for a target of thickness X 0 .
Fermi-Eyges theory
In the Fermi-Eyges theory, a beam of particles with transverse position y and angle θ is described by phase-space distribution
characterised by angular variance θ 2 , spatial variance y 2 , and covariance yθ [4, 15] . Note that θ 2 , yθ , y 2 , and T below are defined with projected positions and angles, amounting a half of those defined with radial positions and polar angles. As the particles receive energy loss and scattering in matter, the beam develops in space as
where scattering power T = dθ 2 /dx is given by the multiplescattering theory in use. The original theory and many subsequent applications use the Fermi-Rossi formula or its minor variations for T [4, 14, 15] while some use the Highland formula for θ 2 without explicit formulation of T [12, 17, 18, 20] .
Materials and methods

Generalization for composite target
The Gottschalk form of the Highland formula (3) assumes X 0 to be a unit for thickness x of a single homogeneous target. Often, however, a target may have a composite structure of multiple elements. The common practice to estimate the overall angular variance is application of the quadratic additivity rule
which may appear natural for independent scattering angles. It is, however, incompatible with the Highland formula. For example, in scattering of an energetic particle with negligible pv variation in a full thickness of 1 X 0 , a quadratically summed rms angle varies with number of subdivisions as shown in Fig. 3 . Kanematsu et al. addressed the ill-behaved logarithmic term by reinterpreting the parameters in Eq. (3), where x is redefined as the longitudinal position in the target, X 0 is the radiation length varying with x, and θ 2 is the angular variance growing with x [12] . These reinterpretations slightly modify the Highland formula to
where radiative path length ℓ is defined as
The initial value ℓ 0 at x = 0 could be non-zero for unaccounted beam-line materials in practice though it may be too small (ℓ 0 ≪ 10 −3 ) to be handled by the Highland formula (3). By experimentally measuring σ θ 0 = σ θ (0) and p 0 v 0 = pv(0) with a pristine beam, the ℓ 0 can be inversely and roughly estimated with the Fermi-Rossi formula (2)
ignoring small variation of pv. The generalized formula (12) applies to the whole composite target to deal with medium heterogeneity in radiotherapy applications with special interest in the range of 10 −2 ℓ 10 0 corresponding to 0.0056-0.56 cm Pb, 0.089-8.9 cm Al, and 0.36-36 cm H 2 O [21] . In essence, the rms angle σ θ does not depend on geometrical placement, elementary composition, or density of the target elements, but only on the radiative path length ℓ.
Differential Highland formula
The essence of the Highland formula (12) is the presence of the logarithmic correction factor to the Fermi-Rossi formula (2), which should have been formed by the instantaneous correction factor f H averaged for the radiative path length ℓ, (22) for protons in water with the reference data points [22] .
leading to
The f H factor corrects the differential Fermi-Rossi formula to form the differential Highland formula
for the Gaussian scattering power with correction of the singlescattering effect.
Range-energy relation
For convenience, kinetic energy E and position x are converted to residual range R and depth d expected in water that is the reference material in radiotherapy, by
where x 0 is the incident point of the beam with energy E 0 and residual range R 0 . Usually, the beam range in water R 0 is the only measurable quantity and residual ranges and energies are estimated from calculated depths as
for which a predefined R-E relation may be used. Bortfeld fitted the tabulated proton range-energy relation in water (R p -E p ) [22] to a power-law function
for protons with energy E p ≤ 250 MeV [23] . The R-E relation for ions with charge z e and mass m = A u in water is derived from the R p -E p relation with proton charge e and mass m p as for the second segment [22] . The deviations from the standard data are within either 0.1 cm or 1% for 0-400 MeV as shown in Fig. 4 .
Beam development
The beam development in the Fermi-Eyges theory is computed in a stepwise manner to deal with variations of particle kinematics and medium heterogeneity. In small step ∆ x from x, the residual range and the radiative path length are modified by
and integrals (8)- (10) for the phase-space parameters are translated into
whereT is the effective scattering power for the step given bỹ
with correction for variation of pv by geometric mean [10] that turned out to be precise for depth steps at 10% of residual range. Uncertainty of stopping-power ratio ρ S for body tissue is usually 1% or more [24] that should define the infimum for the step. A reasonable step to avoid step smaller than 0.5% of the initial range R 0 is
where δ is the distance to the next density-voxel boundary in the presence of heterogeneity. For the last step ∆ x = R/ρ S ,T and θ 2 would diverge due to the 1/pv factor in Eq. (27) and incidentally angle θ loses its physical significance at the end point. On the other hand, displacement y increases its importance for the Bragg peak and should never physically diverge. In fact, growth ∆ y 2 for the last step can be analytically calculated with Eqs. (10), (17), (21), low-energy (E m c 2 ) approximation
and with parameter conversion x → (R 0 − R)/ρ S as
with (α, β ) = (0.002441, 1.750).
Semi-analytic formulation
The last-step growth of the transverse variance y 2 (x) can be extended in the other perspective, where particles with residual range R incident into homogeneous target receive multiple scattering until they stop at distance x = R/ρ S with rms transverse displacement 
where the second term amounts within 2% for R 40 cm and may be negligible. The linear approximation greatly simplifies the range-dependent factor in Eq. (31), while the materialdependent factor and the projectile-dependent factor scale predominantly with 1/ √ (ρ 3 S X 0 ) and
where X 0w = 36.08 cm is the radiation length of water. The linear σ y (R) formula (33) is comprised of the projectile factor F z A , square-root of the scattering/stopping ratio ( 
with which, Eq. (10) will give spatial variance
at any position x. This reduces to a very universal formula for relative rms displacement along penetration,
where x R = ρ S x/R 0 is the range-normalized distance in [0, 1] and σ y (x R = 1) is the end-point rms displacement or σ y (R = R 0 ) in Eq. (33). In fact, Eq. (36) seemed to be known by Preston and Koehler of Harvard Cyclotron Laboratory by year 1968 as a universal formula for protons of any energy incident into any homogeneous material, which may be also valid for other nuclei.
Application and validation.
This study addresses formulation and implementation of the Highland's logarithmic correction for the scattering power in the Fermi-Eyges theory, that is generally applicable to heterogeneous target, and presents approximate formulas for the rms transverse displacement in homogeneous target. We here examine consistencies and differences of the present formulation against other studies in homogeneous and heterogeneous systems.
Range and scattering angle Range estimation with Eqs. (21) and (6) and the rms angles by numerical computation in Sect. 2.4 were examined against reference data by Gottschalk et al. [10] for 158.6 MeV protons incident into beryllium, copper, and lead targets with properties in table 1.
Transverse displacement The rms transverse displacements σ y = √ (y 2 ) in water (ρ S = 1, X 0 = 36.08 cm) were calculated as a function of depth x for projectile nuclei R = 29.4 cm 1 H, 29.4-cm 4 He, and 29.7-cm 12 C to compare with the Phillips's measurements drawn by Hollmark et al. [15] and with the universal σ y (x R ) formula (36).
End-point displacement
The rms transverse displacement at the end point, σ y (R), of nuclei 1 H, 4 He, and 12 C incident into water were calculated for varied incident energies and were compared with the analytical formula (31) and the linear formula (33).
Heterogeneity handling
We examined the rms end-point displacement σ y (R) of R = 29.4 cm protons in a target comprised of alternative high (1.1) and low (0.9) density equalthickness layers of water. The rms end-point displacements were calculated by numerical Fermi-Eyges integrals using the Fermi-Rossi formula (2), differential Highland formula (12) , and the effective scattering power per layer individually calculated with the Highland-Gottschalk formula (3) as
where ρ i = {1.1, 0.9, 1.1, 0.9, ...} and x i = {0,t, 2t, ...} are the relative density and the start position of layer i, and t is the layer thickness varied in the range of 0.01-1 cm. 
Results
Range and scattering angle Equation (21) leads the range of 158.6 MeV protons in water to R p = 17.30 cm. The mass ranges in berylium, copper, and lead targets are estimated by R p ρ/ρ S and compared to exact calculations by ρ E 0 dE ′ /S(E ′ ) in table 2. The range discrepancies were caused by the semirelativistic approximation in Eq. (6) for ρ S , especially with lead for its very high I value. 
Fig. 7
Rms end-point transverse displacements in water for projectile nuclei 1 H, 4 He, and 12 C as a function of range R, by the numerical computation (solid), analytical formula (31) (dashed), linear formula (33) (dotted), and Hong's empirical formula for protons [11] (thick light gray). Markers indicate Phillips's measurements [15] .
The rms scattering angles of these formulations are compared in Fig. 5 and in table 2 . Both of the Highland formulas almost equally corrected the single-scattering effect in Gaussian angle, which the Fermi-Rossi formula ignored, except for near the end of range. Figure 6 shows the growths in transverse displacement of nuclei 1 H, 4 He, and 12 C in water. The present calculations made excellent agreement with the measurements by Phillips [15] and with the universal σ y (x R ) formula (36). Figure 7 shows the rms displacements of nuclei 1 H, 4 He, and 12 C at the end-point in water for varied incident energies. The numerical computation, the analytical and the linear formulas were in agreement within 2% and with the Hong's curve (32) [11] for 1 H (proton). Heterogeneity handling Figure 8 shows the behaviors of the formulations against heterogeneity with the multilayered target. The layer-wise calculation of the Highland-Gottschalk angle (37) resulted in underestimation of the rms displacement due to the bad behavior of the logarithmic term as addressed in Sect. 2.1. For a typical step size of 0.1 cm for heterogeneity handling, the error was −26% with respect to the differential Highland formula, which was much worse than that of +12% by the Fermi-Rossi formula.
Transverse displacement
End-point displacement
Discussion
Improvement in scattering formulation
The Fermi-Eyges theory smartly and efficiently describes the development of a particle beam with a set of several beam-defining parameters numerically integrated with distance x only once. The scattering power dθ 2 /dx drives the development, for which the Fermi-Rossi formula (2) [15] . The generalized Highland formula (12) for θ 2 (x) with effective scattering powerT = ∆ θ 2 /∆ x as a dependent variable was successful [12] , but not naturally understood nor widely adopted into the framework of the Fermi-Eyges theory [15, 18] . The present work provides an improved scattering power, the differential Highland formula (17) , that better conforms to the Fermi-Eyges theory and appropriately handles the single-scattering effect as shown in Fig. 5 , especially for targets of range-normalized thickness x R below 70%. Some angular errors in the last 30% of the range may not largely contribute to the transverse displacement and in fact the present work showed excellent agreement with the other experimental and theoretical studies in Fig. 6 .
In dealing with heterogeneity of fine granularity, the Highland formula would give inaccurate results if individual layer thicknesses were applied to the logarithmic function as shown in Figs. 3 and 8. They were just from incorrect usage of the original Highland formula that had not been intended for such systems. The generalized formula (12) and the differential formula (17) , which are essentially equivalent, have resolved the problem.
Application to radiotherapy
In radiotherapy applications, majority of energies are normally spent in human body or range adjustment devices made of tissue-like materials. When the beam range is fixed, the effect of the Highland correction may be reasonably constant. For R = 29.4 cm protons in Fig. 8 , the effective Highland correction factor to σ y (R) of the Fermi-Rossi formula was typically 1/1.12, which would modify the energy constant E s / √ 2 = 15.0 MeV to 13.4 MeV to resolve the 12% discrepancy. In patient dose calculations, the modified FermiRossi formula may be reasonably approximate to the differential Highland formula.
For beam field formation, one or a few metal scatterers and energy degraders are often used in beam-delivery systems. The scattering powers of those devices, often with complex structure, must be precisely controlled to deliver designed therapeutic beams. For such calculations, the Molière theory or the Highland formula with correction for the single scattering effect must be used. The original Highland formula and the quadratic-additivity rule may be reasonably valid for systems modeled with small number of scattering elements with certain thicknesses [11] . Since energy loss in the scatterers is usually marginal, the semi-relativistic approximation for the stopping-power ratio ρ S (6) should be also valid even for heavy metals like lead.
One of the advantages of the Fermi-Eyges theory is wideranged applicability in radiotherapy. It can accurately handle uniform field formation in beam delivery systems, beam customization for individual treatment targets, and dose calculation with fine heterogeneity in patients [12, 17, 20] . The beam development is numerically computed by un-nested ray-tracing integrals with the penetration distance, which is usually much less time consuming than volumetric convolution of nested integrals at dose grids [12, 19] .
The present framework can handle the effect of multiple scattering at 1-2% level accuracy, which is sufficient and and safe against the clinical tolerances typically of 1 mm or 10% for scattering displacement of 1 cm. Theory of the Bragg curve with range straggling, another electromagnetic effect, may be also satisfactorily mature for radiotherapy applications [15, 23] . However, nuclear interactions that degrade radiation quality with nuclear fragments have yet to be studied to construct a practical model and variation of human body that degrades the targeting accuracy is definitely an important issue for radiotherapy in general.
Parametric formulas
Bortfeld's power-law formula (20) for proton R-E relation has been generalized for ions in Eq. (21) to cover wider energies with two segments, which could be further extended with multiple segments if necesary. The relationship is based on the standard data calculated with I = 75 eV for water [22] . When the standard data change with an improved I value, parameter α in Eq. (22) needs to change accordingly. Generality and usability are merits of analytical formulation. The analytical σ y (R) formula (31) for rms end-point displacement applies to any projectile nucleus in any homogeneous material as far as the R-E relation is valid. Assuming the linearity between σ y and R, the linear σ y (R) formula (33) and the universal σ y (x R ) formula (36) for growth with range-normalized distance x R have been derived. The agreement among these formulations and measurement in Figs. 6 and 7 should have added extra credibility to this work.
Consideration on optimum radiations
It is of general interest as to what the optimum radiation may be. In table 3, several projectile nuclei of the same range are compared in per-nucleon kinetic energy E/A and magnetic rigidity p/z, which are relevant to accelerator specifications, and in end-point displacement and nuclear cross section, which are relevant to therapeutic performance. 
with β = 1.750, non-relativistic approximation (v ≪ c) for the rigidity p/z ≈ √ 2 m E/z, and the spherical nuclear model for the geometrical collision cross section with 16 O in water.
Difficulties in acceleration and transport would increase for heavier nuclei, as well as in nuclear interactions that would deteriorate the Bragg peak, an essential feature for radiotherapy. The behavior of scattering is opposite and radiobiology, another essential feature for radiotherapy, is too complicated to be generalized. These quantitative figures, however, will possibly be of some use in considering optimum radiations. In terms of scattering, helium is already much better than proton and the need for accurate scattering calculation will be less significant with heavier nuclei.
Conclusions
The Gaussian scattering power with correction for singlescattering effects has been formulated, which can be used in the framework of the Fermi-Eyges theory for beam transport calculation in wide-ranged applications of heavy-chargedparticle radiotherapy.
The numerical computation and the semi-analytical formulas derived in the present study excellently agreed with other experimental and theoretical studies at a level of 1-2% that is satisfactory against the clinical tolerances typically of 1 mm or 10% for the size of 1 cm.
The semi-analytical formulas will be useful for estimation of scattering effects in the absence of heterogeneity while the numerical computation procedure will be robustly and efficiently applicable to heterogeneous systems for beam transport and dose calculation.
